Using the continuous limit approximation in the dynamical system we study a nonlinear partial differential equation which corresponds to the generalization of both the Fermi-Pasta-Ulam and the FrenkelKontorova models. This generalized model can be considered as a model for the description nonlinear dislocation waves in the crystal lattice. We obtain the nonlinear partial differential equation for the description of dislocations. Taking into account the wave moving in one direction we obtain another nonlinear evolution equation. Using the Painlevé test we analyze the integrability of this equation. We find that there exist an integrable case of the partial differential equation for nonlinear dislocations. The Lax pair for the solution of the Cauchy problem is found. The solution of the Cauchy problem for nonlinear evolution equation is discussed. One and the two-soliton solutions for the nonlinear evolution equation are presented. The influence of parameters on the propagation of one and the two-soliton solutions is analyzed and demonstrated.
Introduction
Let us consider the following dynamical system: 
where y i denotes the displacement of the i-th mass from its original position, t is time, k, α, β, f 0 and a are constant parameters of system (1) .
The system of equations (1) is the generalization of some well-known dynamical systems. At α = 0 and β = 0 the system of equations (1) is the mathematical model by Frenkel and Kontorova for the description of dislocations in the rigid body [1] [2] [3] . It was suggested in this model that the influence of atoms in the crystal is taken into account by term f 0 sin 2 π y i a but the dislocations interact by means of linear low. Assuming that N → ∞ and h → 0 where h is the distance between atoms, one can get the Sine-Gordon equation [3] u xτ = sin u
In the case of f = 0 and β = 0 the system of equations (1) is the wellknown Fermi-Pasta-Ulam model [4] which was studied many times [5] [6] [7] [8] [9] . It is known that the Fermi-Pasta-Ulam model N → ∞ and h → 0 is transformed to the Korteweg-de Vries equation [10] u τ + 6 u u x + u xxx = 0.
The main result of work [10] was the introduction of solitons which are solutions of equation (3) . It was shown in 1967 that the Cauchy problem for the Korteweg-de Vries equation (3) can be solved by the Inverse Scattering transform [11] . In the paper [12] the author took into account high order terms in the Taylor series for the description of nonlinear waves in the α Fermi-Pasta-Ulam model.
Assuming f 0 = 0, α = 0 and β = 0 at N → ∞ and h → 0 one can obtain the modified Korteweg-de Vries equation in the form [13] 
These facts bring up the question, whether the situation is similar for equation (1) at f 0 = 0, α = 0 and β = 0 when we assume that the interaction between dislocations in crystal is described by means of nonlinear low at α = 0 and β = 0.
The aim of the present Letter is to derive the nonlinear partial differential equation corresponding to dynamical system (1) and to study the properties of this equation.
The rest of this work is organized as follows. In Section 2 we derive the fourth-order partial differential equation for the description of the nonlinear dislocation waves described by system (1). In Section 3 we apply the Painlevé test to study analytical properties of nonlinear equation. In Section 4 we present the Lax pair for solving the Cauchy problem for the nonlinear partial differential equation corresponding to dynamical system (1). In Section 5 we discuss the solution of the Cauchy problem for the special case of nonlinear partial differential equation. We analyze the one and the two-soliton solutions of nonlinear differential equation corresponding to dynamical system (1) at f 0 = 0, α = 0 and β = 0 in Section 65. In Section 7 we briefly discuss the results of this work.
Derivation of the model for the description of nonlinear dislocations
Let us assume that the suggestions N → ∞ and h → 0 are carried out for dynamical systems (1) . In this case we can use the continuous limit approximation in dynamical system (1) . Taking into consideration the expansion of the deviation of mass y i±1 from equilibrium position in the Taylor series up to h 4 , we obtain
Substituting expansion (5) into equation (1) and using the expressions with order h 4 inclusively, we obtain the nonlinear fourth -order partial differential equation in the form:
Using new parameters and a new variable we have
equation (6) can be written as the following:
Using the nonlinear wave with a motion in the right hand side
where
(primes are omitted) we obtain the equation in the form
The last equation describes the propagation of nonlinear waves in the crystalline lattice. This equation generalizes the Sine-Gordon equation in the case of β = 0 and γ = 0, when there is nonlinear interaction in the mass chain. On other hand equation (11) is the generalization of the modified Korteweg-de Vries equation because at δ = 0 it can be transsformed to them. Let us study the integrability of equation (11) in the general case.
3 The Painlevé test for equation (11) Let us apply the Painlevé test to study analytical properties of equation (11) . With this aim we use the variables of traveling wave solutions for the equation in the form
In this case equation (11) takes the form
Using the new variable y(z) = i 2 ln(v(z) we obtain the algebraic form of equation (13) 
The solution of equation (14) has the fourth-order pole. The first member of the expansion for solution in the Laurent series is the following
Using the second step of the Painlevé test [14] , we obtain the Fuchs indices in the form
We obtain that all the Fuchs indices are integers in the case
where N is the integer for one of the Fuchs indices. So, in the case when (16) we obtain the following Fuchs indices
We have not had any possibility to check the third step of the Painlevé test for all N. However we have found that equation (11) has the Painlevé property in the following cases : 1) α = 0, β = 0, γ = 0, δ = 0; 2) δ = 0, α = 0, β = 0 γ = 0; and 3) α = 0, β = 0, γ = 2 β. The fiirst and the second cases give the well-known equations. Taking into account these results let us try to obtain the Lax pair corresponding equation (11) in case of α = 0 and γ = 2 β. 4 Lax pair for equation (11) at α = 0 and γ = 2 β
Let us note that equation (11) has two partial cases. One of them can be transformed to the well-known modified Korteweg-de Vries equation at δ = 0 and the other can be reduced at α = 0, β = 0 and γ = 0 to the Sine-Gordon equation. It is well known that the Cauchy problem for both the modified Korteweg-de Vries equation and the Sine-Gordon equation can be solved by the Inverse scattering transform. Moreover equation (11) is similar to the nonlinear integrable ordinary differential equation studied in works [15, 16] . Let us demonstrate that one can use the AKNS scheme to obtain the Lax pair for the partial case of equation (11) . With this aim we look for the Lax pair in the formP
where matrixesP andQ take the form
We have the following equations for the matrix elementsQ in the form:
q t − 2 h q − e x + 2 i λ e = 0,
Substituting expressions for h(x, t), f (x, t) and e(x, t) in the form:
e(x, t) = e 4 λ + e 3 + e 2 λ + e 1 λ 2 .
into equation (20) we obtain at r = 
where elements h, e and f take the forms:
System of equations (22) and (23) can be used for the solution of the Cauchy problem for equation (11) at α = 0 and γ = 2 β.
5 The Cauchy problem for equation (11) at α = 0 and γ = 2 β
Let us illustrate how one can solve the Cauchy problem for equation (11) by means of the Inverse Scattering transform at α = 0 and γ = 2 β. In this case the equation (11) takes the form
The class of initial functions for the potential u(x, t) of equation (25) is determined by analogy with the initial function for the Sine-Gordon equation and takes the form
Taking into account the Lax pair we get the following scalar functions [18] [19] [20] 
and
The properties of the scattering data are similar on data for the Sine-Gordon equation.
The Gelfand-Levitan-Marchenko equation for equation (25) can be presented as the system of integral equations [18, 19] 
Here b(k), a(k) are the appropriate scattering data, and c n , n = 1, . . . N, are the normalisation constants at each discrete eigenvalue, ζ = ζ n , all at t = 0. Solution of the Cauchy problem for equation (25) is found by the formula [18, 19] u(x, t) = −2 K 12 (x, x, t).
N-soliton solutions correspond to reflectionless potentials when b(k) = 0. In this case the system of equations (29) is transformed to the linear system of algebraic equations with the matrix
N-soliton solution of equation (25) can be found by formula
where I is the identity N × N matrix, and elements of matrix A(x, t) are determined by formula (33). Let us study in more detail one and two-soliton solutions of equation (25).
6 The one and two-soliton solutions of (25)
Using formula (34) we can present the one-soliton solution of equation (25) in the form:
This expression can be transformed to the one-soliton solution for equation (25) in the form:
The one-soliton solution is illustrated at δ = −1 in Fig. 1 for different values λ and parameters µ = 0.0 and β = 0. of the soliton is determined by formula
There is the minimum of velocity for one-soliton solution at δ = −1. This minimum of the velocity depends on β and can be found by formula
The dependencies on velocity The two-soliton solution can be written in the following form The form of the two-soliton solution of equation (25) can depend not only on the values of constants µ 1 , µ 2 , λ 1 and λ 2 but also on the value of the parameter β. These dependencies are illustrated in Fig. 6 for two values of β. At first we took firstly the value β = 0.001 and we could observe the two-soliton solution on the left-hand side. However if we take the value of parameter β equal 10.0 we obtain the behaviour of the two-soliton solution of equation (25) on the right-hand side of Fig. 6 .
We believe that equation (25) is the first member of the following inte- grable hierarchy
where L n [v] is the Lenard recursion operator which is determined by means of formula [17] 
We have checked that the equation
of hierarchy (40) at β = and n = 2 has the one-soliton solution in the form
We expect that the equations of hierarchy (40) are integrable. The Cauchy problem for equations of hierarchy (40) can be solved by the Inverse scattering transform. The one-soliton solution can be found taking into account the formula u = ±4 arctan exp µ + λ x + δ t λ − 2 β λ 2 n+1 t .
So, we have studied equation (25) which is the first member of integrable hierarchy (40).
Conclusion
In this Letter we have studied the model that can be considered as the nonlinear interaction between dislocations in the rigid body. It turned out that our model is the generalization of two well-known dynamical systems of both the Frenkel-Kontorova system and the Fermi -Pasta-Ulam models. In fact we have considered the dynamical system that connects two wellknown models. This new dynamical system has been studied taking into account the continuous limit approximation at N → ∞ and h → 0. In this case we have studied the dynamical system using the nonlinear partial differential equation. One of the main problems at the study of nonlinear partial differential equation is the question of the equation integrability. With this aim we have used the Painlevé test for studying integrability. We have obtained the Lax pair for the special case of an nonlinear differential equation using the AKNS scheme. We have shown that the Cauchy problem for the special solution of the model for nonlinear dislocations can be solved by the Inverse Scattering transform. Both one and the two-soliton solutions were found. The behaviour of these soliton solutions for the obtained equation was studied at the different values of parameters.
